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■  CELESTIAL  MECHMICS  PROBLEMS  OF  SPACE  iXIGHT,  PART  II. 


/“Fellowiag  is  the  translation  of  ‘.'Hiffimeimeohsaiselie  Prob- 
lessse  der  Ra.«mfalirt*' _{.EEglisb.  Tersion  aboY®)  by  K,  Scliaette 
in.  Plagkoerpor ,  ¥ol*  1,  January  1900,  pages  10  13  *J 


The  First  Cale^aatlons  of  Flight  Paths 
to  the  Moon  a.nd  aroimd  tho  Moon* 


,8 ome  Ib f gr ogs  rocket  path  to  the  moon 

The  calcuiationa  of  E»  Stromg^'^en  and  bis  coTOrkers  haTe 
in  the  aucoesafiul  investigation  of  at  least  one  case  of  the  extended 
’^probleiie  restreixit*^  relating  to  periodic  .  orbits »  Tkt^  many  kMdreda 
of  orbital  ca-lc dilations,  wMck  they  have  r^ade  in  the  conrae  of  a  gener-^ 
atlori^s  work^  largely  made  possible  by  the  financial  support  of  the 
Carlsbe-rg  FoimdatioiXs  Copenhagen,,  constitute  a  valuable  pioneering 

It  will  be  xiec0®Asary  to  continue  arid  extend  this  work,  if  art^  to 
compute' 'vd.th  certainty  and  master  the  paths  to  be  followed  by  a  space 
ship  on  ita  way  to  the  riioan  and  beyond® 

Two  circumstances^  which  are  of  decisive  importance  in  finding  suck 
paths ^  deserve  special  emphaBia* 

Firstly,  m:&  the  aid  of  electroBic  com^putera  it  la  now  possible  to 
complete  the  calcx^latioas  tkeiEselvee  more  than  one  thousand  times  as 
•fast  as  before*  Without  this  novel  assistaxice  it  would  scarcely  be 
poBsibla  for  flight  calcul.atioB.a  to  keep  pace  with’  technical  level- 
opmentBo  However,  it  must  not  be  forgotten,  that  the  prelimisiary  work- 
involved  in 'programing ,  whack,  it  is  true,  need  be  performed  only 
once,  itself  reqx:iires  a  coiislderabXe  mnonnt  of  time.  | 
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l^eaoEdly,  within  the  foreseeable  future  It  vdll  be  necessary  to  go 

hejond  the  phase  of  sooallad  passive  flight  and  dev^^lop  active  flight 
paths* 


-  Whereas  in  paasiTe  fligiit  the  path  ie  determined  bj  the  start^ 
ing  data^  in  astlT-a  flight  the  speed  can  be  tariecl  by  means  of  an 
additional  impulse ^  triggered  during  thd  course  of  the  flight*  TnxB 
would'  be  pra.cticallj  the  same  as  starting  with  another  initial  vel--  :: 
ocity^  Or  in  other  words  s  if  a  kind  of  boimdarj  cur^e  (given  bj 

the  :initial  conditions)  exists  for  the  original  path ^  in  active  flight 
i.t  wi.ll  be  possible  to  go  beyond  it  bj  applying  an  additional  impulse* 
Here  lies  the  essential  difference  v<fith  respect  to  the  paths  followed 
by  all  the  natural  celestial  bodies*  As  far  as  the  author  knows ^  the 
Ilill  boundary  ciiryes  for  four  bodies  with  the  mass  relatiorisMpa  given 
by  the  solar  system  (sun,  earth,  moon.^  rocket)  have  not  yet  been  in¬ 
vestigated*  .. 


par ticnJj^r for  a  rocket  flight  to  the  Btoon 

Wb.en  Me  o.ome  to  malce  praotical  mse  of  onr  knowledge  of  the  poss- 
ibilitlee  of  motion,  in  the  plsJietary  systeii^  we  realij^e  that  the  masa 
of'  the  Bnn  is  very  much  the  doirdaating  factor*  Even  Jupiter,  the  giarit 
planet.,  has  a  toss  only  1/I^0h7th  of  that  of  trie  s'm^/  Thxm^  irtanj  prob¬ 
lems  of  unction  CBJi  be  treated  as  perturbation  problems* 


In  our  present  considerations  we  maj  first  disregard  the  other 
pla.nets  because  of  their  rel^ativoly  small  masses  and  great  distances 
and,  as  far  as  flight  paths  to  and  around  the  mooB.  are  ooneernad.3 
restrict  ouafselvas  to  the  four  bodies  -  sun,  earth,  moon,  rocket*  If 
we  put  the  m.BS  of  tha  earth  equal  to  1  and  take  the  average  distance 
between  earth  and  moon  (38^«^03  km)  as  the  unit  of  distance,  we  ahall 
have  the  following  mass  ratios  and  distainces: 


Easses 

mean  distanoaa 

'^earth  ^ 

earth-moon 

*  1 

aun-moori 

ss  389  »  ^ 

a  =  1:81,31 

^OOB 

^rorket'^  (practically  z^ro) 

aarth-aun 

a  389.% 

Doubtless  we  are  faced  with  a  true  four-body  problem*  However §  the 
ooMitiona  are  complicated  by  the  fact  that  on  launching  and  in  the 
vicliiity  of  the  earth  the  attraction  of  the  earth  predo?iijaatea * 
Nevertheless,  the  abaj'ic  point  betwe^in  earth  and  aun  is  only  about 
iwo-third,a  of  the  lunar  distar.ce  away®  From  this  point  on  the 
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Tattraetiou  of  tfee  @ua  predoisia&tesi  aattirally,  it  sakes  itself  f«lt~*1 
eTea  before  tkis  bat  ia  the  Tieiaity  of  the  earth  is  completely 
©^erskadoved  by  tk®  attrsctios  ©f  the  earth  itself* 


IhaSs  a  epacs  ship  which  goes  foeyO'M  two-thirds  of  tfe©  Ixm&r 
distmtce  i®  sabject  maialj  to  tb®  attrestica  of  the  Kew  if  tk® 

moea  lies  ia  the  direction  of  moticn  of  the  space  skip  eo  that  the 
latter  approaches  the  the®  the  abaric  poist  betweeti  earth  ajid, 

moon  lie®  at  sine- tenths  of  the  Iwaar  distance  or  about  23  luaar 
radii  away  fro®  the  moosu  If  thla  point  is  passed,  the  ©pace  sM.p: 
arrives  in  a  region  where  the  attraction  of  th®  Been  predoisiiaates* 
At  the  atearic  point  between  earth  and  moss'  the  accelerations  due  to 
the  mutual  forces  of  attraction  act  in  opposite  d[ir©|tioB.a  sad  er© 
equal  in  megBltuddj ;  they  ar®  still  only  0.332  cm/see^.  Fig.  10 
iilustrates  th.©  rel&fci©ns.hips  gohematically  irs.  a  rotating  coordis.™ 
at®  syst®:®,.  At  the  8.ba.rie  point  K  a  quit®  small  iispul®©  is  suffic¬ 
ient  to  take  the  space  ship  aromd  the  soon  or  ©Is®  to  cans®  it  to 
iiBpact  upon  th©  latter. 


Fig.  IOj  Problem©  of  a  fUght  path  to  the  moos  (scheffietic) 
(Frows  K.Schuett®,  M.e  Weltrausfahrt  hat  begonnen 
(.6pae«  traYsl  hea  beg«Aa),  K0rd@;r”Tasefe.®abwch,  ffo»  11,  2nd  ed. 
Freiburg,  1958,  p.  l60,  (MoadS  »  moon;  Erde  =  earth;  Mondfoahs  » 
ortoit,  of  moon).  j 
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Finally,  there  is  yet  another  atearic  point,  batwesn  the  stm 
and  the'  moan.  At  the  earth-san  d;lstaKae  the  acceleration  da®  to  th« 
attraction  of  th©  sraa.  ie  gjtiU.  about  0»6  cffi/ssc^j  at  abotit  l6«5  lunar 
radii  from  its  said”poiKt  that  due  to  the  moon  has  also  decreased  to 
this  amount.  It  follows  that  a  circle,  which  contains  the  abarie  point 
between  sun  and  mooB.,  lies  soraewhat  closer  to  the  moon  than,  the  eorrea- 
ponding  one  for  earth  and  moon.  More  precisely,  then,  &  space  ship, 
which  has  passed  the  abaric-  point  between  earth  and  moon  at  a  dis-  *“ 
tance.of  23  lunar  radii,  remains  in  the  region  dominated  by  the 
attraction  of  the  sun,  until  it  has  approached  within  l6.5  lunar 
radii  of,  the  center  of  the  isoca. 


ihese  relationships,-  merely  hinted  at  here,  suggest  why.  the 
theory  of  lunar  siotion  is  -the  most  difficult  problem  in  celestial 
mechaiaics  we- know* 


Orbital  and  egoap®  velogitles  at  various  altitudes  abor®  '* 
“the  earth ’s  ~Sar face  and  the  launching  velocity  required 
”  to  travel  lunar  distances 

If  R  is^'^the  radxTsi^  of  the  earth  aM  g  the  acceleration  due 

o 

to  gra.'«>lty  at  the  earth surface,  then  the  orbital  velocity  at 
the  altitude  E  km  abo^e  the  surfa,ce  of  the  earth  is  given  by  the 
good  approxima.tion  formula; 


(28) 


Tb.e  corresponding  eaoape  velocity  is  then  found  from  the  energy 

integral  to  be: 

ycKi  s=  |/i  ‘  (29) 

Thus,  the  decrease  in  gravity  with  height.,  but  not  the  frictional 
r'esiatance  of  the  atmosphere,  is  taken  into  account®  ■ 

Tailing  H  -  6,378*24  km  and  «  9*8^^65  m/sec^  we  get  the 
foIlowl.ng  values  for  aM  at  altitudes  of  from  O'  to  5^ 
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It  is  6'rident  that  in  the  lo-west'^lajers  the  orbital  valocitj  ei€i- 
creases  by  31  m/seo  for  e¥ery  50  km  increase  in  altitude ^  ^while 

the  oorTesponding  figures  for  the  eecape  velocity  are  44  to  40  m/sec# 

Batv/een  circular  orbit  and  parabola,  (escape  velocitj)  lie  a;li  the 
poa^slble  eiliptioal  paths ^  Tna  nature  of  the  path  is  datewdned 
solely  by  the  «.gM.t'ad.e  and  direction  of  the  initial  velocity  (at 
burn-'Out),  that  is  by  the  velocity  vector*  H0'weTei%  the  attainable 
distance  is  cietarmiried.  only  by  the  irkagrritude  of  the  velocity^  not  by 
the  direction  (see  ener^j  integral ) ,  ?i*liereas  the  direetioB.  of  the 
velocity  vector  is  linked  with  the  position  and  fo.™  of  the  patlu 
From  th€r  astronomlcaJ  |>oint  of  the  .problem  of  determining  orbits 

from  the  velocity  vector  has  ao  far  been  of  no  interest^  as  this 
vector  la  generally  tinknown  wkeret  newly  dlscorer^^d.  celestial  bodies 
are  concerned*  As  far  as  the  approach  of  world  space  travel  is  cob- 
cerned^  this  problem  of  the- deteMiriation  of  an  orbit  from  the  ¥6100“ 
ity  vector  was  first  aolved  by  the  autho?:^  in  1953/54  fox“  the  case  of 
KJotion.  ±B.  a  plane 

If  we  now  ixiqnire  how  great  the  speed  must  be  to  achieve  lunar  distances 
in  passive  flight  withiin  the  two-body  problem,^  we  find  that  it  isust 
be  very  close  to  the  escape  velocity *  On  increasing  the  launching 
velocity  to^  say,  10*0  km/sec  a  maximum  altitude  of  about  4  earth 
radii  is  a.ttr4i.ned9  11  ki^v^sec  would  tak.e  ub  to  an  altitude  of  somewhat 
more  than  ZB  earth,  x^adii^  thett  is  juat  half  the  distance  to  the  maoa« 

If  the  lammcking  velocity  is  increased  beyond  this  point  In  IQ  m/sec 
ateps^  then.,  theoreticalljs  v^e  get  the  foilowrliig  relationships-,  assum¬ 
ing  that  at  burn-out  a  turn  is  made  into  an  ellipticgil  orbit  at  right 
angles  to  the  radiuB  of  the  earths 
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C’aarasteriiBtics  of  as  elliptical  orbit  oa  increasing 
v-the  la«aci\ing  relocity  in  ths  imodia^e  riclaity  of 
of  the  escap6  TSlocitj  (in  the  two-bodj  probless)  ^"S5>  ~J 


launching  Isssatri*  Attained  at  apogee-  Orbitsl 
¥0loaitj  citj  of  period 

(at  bara“  orbit  .  Max,,  dis-  Mia» 

®**t)  taaco  in  orbital  Days  Hrse 

iM/s®c  earth  reloeity 

ra,di.i  ias/ssc 
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Hera  tk^  a.etual  height  of  the '  bagix^,ni'mg  0.f  the  orbit  at  Imm-oiit  is 
not  t&k0,si  Into  mconnt.  I\ix^thermore,  lie  IMtial  data  for  B  and  g 
are  not  quite  the  bbmo  m  in  the  preceding  ■  table e  w;i:tat  ie  import-^ 
ho¥eTar^  is  the  recognition,  that  e|i  a,pproachiB.g  the  aaeape  val- 
ooitj  eT0ii  a,  alight  increase  In  the  laxmehiag  Teloe,lty  cm.  hare  a 
quite  conaiderable  effect  on  the  maxiraiii  distanae  attained  at 
It  is  a],ao  poasible  to  iisria^5..ne  that  an  0..Egnl.ar  error  in.  the  start¬ 
ing  Teloeitj  might  likewise  be  of  the  greatest  impo.x’^taBce.a  The 
escape  Telocity  of  II..1.185  km/mc^  gir&n  aboTe^  ie  probably  siaffio-*- 
lent  to  lea-re  the  earth  but  it  is  not  if  tfe.e  intention 

is  to  lea.Ye  tkm  solar  At  the  earth diataiice  fr«  th^  sim 

its  orbital  Telocity  aboixt  the  sim  is  29®766  te/see;  thie  ia  pre- 
ciaelj  the  mean  Tolocitj  of  the  earth  itaelf  in'  it^  Tei’^y  ni^-ariy  cir*- 
cula.r  anxraa.l  jc/arney  areimi  the  sun#  the  escape  Telocity  .re-* 

qulred  to  leaTe  th€^  solar  system  from  the  position  of  the  earthy  but 
without  taking  into  account  its  ovm  attraction^  would  fe#  VX  x  29«766 
km/s^c  42^0St5  toi/seo* 

liowwer^  it  wiild  be  false  to  assme  that  if  the  launching  were  in 
the  direction  of  the  tang^^nt  to  the  earth  «a  orbit  and  in  the  same 
mrmsB  bb  the  seotion  of  the  mxtth^  onlj  k2^093  -  29*766  ^  12^33 
km/sec  would  be  required  to  leave  the  solar  Tm  fignra  must 

be  further  i-ferea.a@d^  as  in  anj  event  it  is  neeeasary  to  oTercoma- 
I  the  earth  ^8  gmTitational  field*  I 
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The  iaportance  and  scope  of  Rumerical  flight  calcalatioas 


iitinni*| 


Our-  co'aaideratrlon  of  t}ie  three-  and  four-bodj  probiem  wa.0 
deliberately  j^iade  sw.ewhat  detaitled,  in  order  to  establish  oleas^lj 
axid  mmistakably  thait  a  generally  valid  amljtical  solution  for  a 
flight  path  to  tiie  moon  doea  not  axlat*  For  '^any  purposes  it  Jiiay 
suffice  to*  regard  determination  of  the  flight  path  m  a  tkret-body 
problem ;  however^  it  would  be  surer  and  in  some  cases  -  especially-  . 
in  circumnavigation  of  the  moon  -  necessary  to  take  into  account  the 
effect  of  the  sun  and  treat  the  problem  as  one  InvolviBg  four  bodies. 


The  only  way  open,  is  that  of  numerical  integration  of  the  differ-^ 
ential  equatio-.M  of  motion' of  the  spacecraft*  The  poteiiitialiti€?s 
of  this  method  should  not  be  overestimated^  howeTer®  It  is  true  that 
any  deg:ree  of  computational  a^ccxiracj  is  attainable  but^  in  general, 
it  la  only  possible  to  make  statements  about  the  interval  of  time 
spanned  by  the  numerical  integration  and  no  more*  tlhe  single  exo*ept- 
ion  to  this  is  when  the  flight  path  closes  upon  itself,  that  is  when 
a  periodic  solution  is  found  (of.  Stromgren^s  p-eriodic  orbits)* 


However,  the  fact  that  modern  electronic  computers  are  already  capa¬ 
ble  o-f  calculating  the  flight  paths  ox  spaoeoraft  is  brought  out  by 
the  following  two  examples: 

l)  The  American  IBM  704  coiapiitor  in  Ca^bxddge  (lisisa*)  took  21  sacai- 
to  calculate  Um  orbital '  of  Sputnik  I  the  observation 

£.yAI7*-  ^  unuaiiallj  adept  astrcr.omer  requires  at  least  a  1,000 
times  as  long,  that  is  about  six  hours,  to  ruake  the  same  calcmlaticns* 
The  IBM  ?04  c^m  carry  out  40,000  calculating  operations  per  second* 


2)  .In  a  rocket  launching  there  is  UBi.taliy  two  to  three  minutes 
between  burn-out  of  the  second  stage  and  ignition  of  the  third  stage# 
In  this  short  interral  electronic  compx^ters  have  been  successfully 
•'employed  to  derive  preliminary  flight  elements  from  the  initial 

obsermtion  data  available,  so  that  this  informatioA  can  be  used  for 
triggering  the  ignition  of  the  third  stage  in  the  sense  of  a  desired 
or  necessary  flight  path  correction* 

Of  course,  such  rapid  intervention  preauppoaes  that  the  programming 
has  been  worked  out  in. advance* 


Since  1957  a  series  of  investigations  and  flight  path  calcul¬ 
ations  have  already  bem  made  by  means  o-f  numex-'ical  iritegx'ation  and 
these  are  diacuaaed  briefly  below#  With ‘one  exception  these  oalcul- 
ationB  are  devoted  to  so-called,  passive  flights,  which  are  determined 
solely  by  the  burn-out  velocity# 
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Tiie  Hi.iS5lan  inveatigatioiia  ha,Td  been  made  primarily  by 
W..A«  legorov  and  hia  colleaguses® 

Yegor OT  has  sbowii  £  27.7.  i  /r'2BJ\  £72^77  that  it  ia  not  eyen 
abaolut^lj  necaasary  to  brimg  the  spacecraft  into  a  path  leading 
^  directly  to  the  moon*  A  path  with  its  apogee  abov.t  SSO^OOG  km  frO'Si 
the,  e^urth  ig?  sufficient,  tkis  is  two  tkirds  of  the  distance  to  the 
I'noon*  The  disturbing  influeaca  of  the  moan  gradually  .modifies  and 
broadena  this  path^  until  ^  fxttallj^,  after  hundreds  of  orbits^j  it 
extande- as  far  as  the  mooB*  'rkis  would  constitute  a  theoretical  S5iin- 
ImvSi  flight  pat.h^  which,  however,  could  haifo  no  ij^^portanee  in 
pi^aatica  (Fig*  11)* 

Yegoroy  then  proceeded  tO"' calculate  &  irerj  large  nusbar  of 
possible  flight  patheS  to  and  around  the  moon?  continually  changing 
the  starting  conditiona*  Hie  results  may  be  sttMmmris^ed  as  follows; 

a)  Flight  paths  to  and  -arcund  the  moon* 

1)  It  is  easy  to  calculate  a  flight  path,  intended  to  hit  the  moon-<t 
If^  fo.r  example,  the  actual  moD,n  flight  path  begins  at  burn-out 
200  kijt  above  the  earth,  the  Ukoon  will  atill  be  Mt,  if  the  error  in 
burn-out  velocity  is  not  more  than  0*3*  in  angular  direction  or  30 
m/sec  in  speeds 

2)  It  is  also  eajsy  to  calculate  a  .flight  path  which  circles  the 
.  m.oon  at  a  great  distance* 

3)  HoweTor,  it  is  very  difficult  to  calculate  a  path  v/kick  circles 
the  moon  at  cloae  range* 

Circling  the  moon,  a.t  close  range,  at  a  distance  of  about 
27?000  kii^  recfulres  an  a.ecuracy  of  in  the  laurichixig  angle  at 
burn-out  (1)*  Today  this  still  lies  far  beyond  the  accuracy  of  which 
we  are  tecb.B.ically  capable*. 

b)  Flight  paths  around  the  moon  and  the  es^rthe 

Tliese  flight  paths,  which  bring  the  spacecraft  back  into  the 
Yicirdty  of  the  earth,  are,  of  course,  of  the  gx^’eateat  practical 
interest*  Accor'ling  to  legorov  they  are  improbably  unstable  and 
very  to  the  slightest  variation  in  velocity  (a  few  mm/aecO* 


~1 


A  few  examp, les  of  the  aumeroas  flight  paths  calculated  by 
legorov  are  given  in  Fig,  12,  as, sussing  that  the  lunar  orbit  is 
circular. 
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Figu  11 :  MiKtirram  fligfet  path  for  r€5^a.olii:ag  the  iriooii 
acc©.rd:!jig  to  Yegoroy*  ('Omlauf  orbit; 

MoM  ®  atoei>4  Krde  earth  Figures  are  in 
urdAB  oi  I^OCjD  knu  fxxm  OlW^Cmil  ami  W.Patrl^ 
W6ltraim,f ahrt .  (  Space  I'ra/ml  .)^,  publ^  hj 
•  Hanna  B.eleb.,^  195®  ^  Fig>  38  ?  p#  9'S.* 


Fig#  12  J  A  few  ex'ample-a  of  pasoi^e  flight  paths  to  the 

moon  and  back  and  a  flight  path  hitting  the  moom* 
{According  to  W..A#  feg'oro¥)*. 


In  the,  four  exa^plea  illustF€J.ted  the  tapper  row  in  Fig*  12 
ahows  the  flight  patha  in  a  rotating  cDordiBate  system ^  related  to 
ilia  fi,xed  line  dram  between,  earth  and  ii^oon  (MS^,  ICE,^.  aB,d 
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*Pthe  row  beneatk  reproduces  the  ,8am.e  motion  ijx  a  statioriarj  coordiJi-  * 
a.te  system^  in  which  and  so  on  denote  the  respectire  atartiag 

positiona  of  earth  and  moon^  Also  shown  are  the  positions  #*o 

of  the  mooxi^  occupied  bj  the  latter  vilien  the  spacecraft  ^ 
lias  traToled  the  .earth-x^soon  ciistaiice  from  the  earth*  In  the -third 
erample  it  looks  as  if  the  moon  is  not  cii^'cled*  However,  this  is 
not  so,  for  in  the  further  course  of  the  flight,  in  which  tha  apace- ^ 
cr-aft  goes'  beyond  the  Iumx  orbit ^  the  moan  naturally  continues  - 
along  its  path  and  when  the  spacecraft  re— crosses  the  lunar  orbit  . 
on  its  return  it  pasaea  the  moon  on  the  other  side*  Tkius^ 

'  in  this  case  too  the  mooB.  is  circled*  In.  the  fourth  exaiftpie,-  the 
moon  is 'hit  from  behind*  Unfortuimtely ,  'legorov  has  only  ©ade  a 
partial  allowance  for  the  effect  of  the  sun  in  hia  calculations^ 

The  American  and  the  Germ&m  flight  path  ^  oalculationa 

The  acuteness'  of  the  problem  is  indicated  by  the  fact  that 
American  woi%  has  been  published  almost  simultaneously  with  the 
Russiaii  investigations* 

a)  ICrafft  A,  ISiricke-*^  f3.igbt  path  calculations.* 

Krafft  A*  -'Ehricke  has  p^Ibllshed  his  inveetigationa  in  a  series  of 
fundamental  works  $  only  a  few  of  the  mo^.  important  conclusions 
of  which  cart  be  given  here  Z"31„y»  Z*32J7% 

In  the  gravitational  field,  between  earth  ^and  moon  the  vel¬ 
ocity  decreases  more  rap.idly,  anyhoiv^  than  in  the  two-body  problem, 
for  the  gravitational  vectors  of  earth  and  moon  are  mutually 
opposed*  Ihus,  at  times  the  aun,  as  a  fourth  body,  wall  be  capable 
of  playing  an  important  part*  In  his  '^Cislimar  Orbits^* 
therefore,  ICraf ft  Khricke  investigates  the  effect  of  the  sun  with 
somewhat  greater  precision* 

,  Naturally,  eompaired  w^ith  the  original,  burn-^out  velocity  of 
'the  moonship  the  absolute  magnitude  of  the  solar  effect  is  small 
but  it  should  not  be  overlooked  that  the  effect  of  the  sun  extends 
over  a  fairly  long  interval  of  time  and  that  in  this  section  of 
the  flight  path  the  velocity  of  the  moon/profoe  itself  has  already 
become  very  much,  smaller*  Thus,  the  sun  may  produce  relatively  large 
’morementB i*e*  .flight  path  changes ,  ' which  for  their  pai't  lead 
to  conside.rable  seoM-order  disturbajaoes  due  to  the  moon* 

This  can  be  seen,  very  clearly  in  the  worked  out  ex:ample 
shown  in.  Figs*  13  The  starting  conditions  are: 

The  moon  probe  at  an  altitude  of  555*9  km  («  300  nautical 

Imiles)  above  the  surface  of  the  aarth  with  a  velocity  of  10*6518  kn/ 
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at  this  altituds  th@  escape  velocity  i®  10,731^  km/eec,  the  1 

■  lamichiBg  ^eloaltj  is  99 ^-^6^  this  figure®  fke  initial  positioa 
iB.snah.  that  the  mo&B.  lies  a.t  30^  billow  the  direction  to  tke  SMn* 

The  luEar  orbit  ±b  agai.E  to  be  circmlaro  flight  path 

of  the  mnin  probe?;  ±b  then  calculated,  once  without  and  once  wi.th 
the  effect  of  the  Bxm.^  i^e#  i.n  the  form  of  a  three-  and  a.  four-bod j 
•problem,. 

In  the  first  ease  a  mirdmpm  distance  of  17C)8«>5  fro!^  the 
center  '  of  the  mmm  is  ackla^tdi  thlB  Besna  that  the  moon^  the 
radius  of  ig^hich  is  1 5  73^^0  is  Mt^  the  aacoM  e6^.ae^  is  which 
the  effect  of  the  am  is  taken  into  a,cco-ant^  the  earn®!  initial  con¬ 
ditions  gi^e-  a  miidjimm  dista'nce  of  kr^  trem  the  center  of 

the  Mmm^  Hie  Moon  is  then  circled  at  a  height  of  2^336  km  aboTe  its 
surface®  This  BhoMS  w^rj  clear], ..j  that  we  cannot  calculate  a.M  ignore 
the  effect  of  th#  at  a:ay  rs^t#  if  we  atari  Tery  close  to  the 

escape  Telocitj* 


Fig«  13 1  A  flight  path  to  the-  nioori  arid  back  disrogardin:g 

and  al'lo¥i,B,g  for  the  effect  of  the  sum*  According 
to  Krafft  A®  llhrdeke:  Instrumented  Comets  Astro-' 
mutica  of  aolar  and  planetary  probes  |  Vllltb. 
InieraatioBal  Aatroaautioal  Congress  t,  Ba:rce3.ona, 

1957 1  P*  100^  (303111,0  IS*  situ;  Erde  earth;  Mondbakn  sj 
lurnir  orbit;  ±m  Droilkorperproblem  path,  in 

the  three-body  profelM;  Bakn  im  Vi erkorper problem 
path  in  the  tour^hodj  probl^ij)* 

The  modificatio3i  of  the  flight  path  mil  be  much  greater  when 
the  probe  returns  in  the-  dii’eeticm  of  the  earthy  howoTer,*  Without 
taking  Into  account  the  craft  wJ.ll  pass  the-  earth  at  a  dia- 

of  to  35»C>00  km^,  whereas  in  the  four-*body  problem  it 
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reenters  the  earths  atmosphere*  The  sensitiTity  of  the  return  patiTl 
follavdrig  an  almost  liype..rbo3.ic  encounter  with  the  moon  is  extra- 
orcUriarily  high  (cf«  Yegoro^)^ 

Fig«  13  shows  th.a  dif ferences  in.  the  two  patha  following  frcf^ni 
the  starting  conditians  when  treated  as  th.r0e-  and  four^-body 

problems-.  Fig*  ik  shows  the  sections  of  the  flight  paths  close  to 
the  moon  to  an.  enlarged  scale «  The  figures  shown,  at  the  edge  of 
the  circular  lunar  orbit  (Fig*  13)  and 'the  correBpondi.rig  points 
in.:  the  'path  of  the  isoon  probe  xridloate:  the  time  i.n  hours  which  has 
passed  since  the  start  of  the  flight* 

•Ihis  worked  out  ex»ple  i.E  particularly  important  as  it 
repr€JsentB  the  most  important  practical  caaet  the  other  side  of 
the  moon,  is  more  or  les.B  ftilly  illuminated,  while  we  observe  a  new 
moon* 

lli,rlck€^  has  also  worked  out  other  examples  and  made  an.  invest 
igatioii  of  the  .question  of  accuracy,  which  we  can  do  no  more  tMn 
refer  to  here  /r3Xl7^  ZTlJSJ/* 


Fig*  Iht  Part  of  the  .flight  path  shown  in  Figc  15  lying 
in  the  immediate  vi.clnity  of  the  moon* 

(  three- body  problem;  — foiir“-body  prob-- 

lems  Mon.dba.b.n  «  lunar  orbit )«. 


b)  Tixe  irr^eetigations  of  M4.W*  Himter.;  WIB*  Klemperer,  GankeX 

and  otherE* 


j  The  investig/ationa  of  M*W*  Hunter,  KlaEperer  and  P.J*  Gunkel 

quite  a  different  aim,  rxamely  a  moon  shot  that  vdll  hit  the 
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moom  or  quite  definite  parts  of  the  Startling  froei  tk<<i 

fact  that  a  flight  path  to  the  mooa  is  particularly  semitiT®  to 
an.  error  in  dlracticn.  at  biirn-outt  a  first  -  as 'far  as  the  author 
knowE  -  attetfpt  is  made  to  introduce  active  flight  paths  Into  the 
problem*  TheBB  are  flight  paths  which  cmn  modified  bj  means  of 
an  additional  brief  during  flight « 

As  we  Imow^  in,  the  two-body  problem  the  moan  is  j^eached  in  ^ 
about  5«5  days  vath  an  c^lliptica.^  initial  irelocitj  1  %  less  than 
the  escape  full  escape  velocity  in  a  parabolic  path 

requires  only  two  dnys  and  if  the  escape  velocity  ia  ea-rceeded  by 
only  5  tha  duration  of  -the  flight  along  a  hyperbolic  path  is 
already  reduced  to- one  day» 

In  order  to  get  more  precise  data,  flight  path  caXculations 
have  ba^sn  ca.rri6d  out  by  Brnsierio-al  Integration  agai.n  wi-th  an  IBM 
704,  initially  for  an  idealised  twc-dim,enaion,a,l  earth-moon  model 
and.  a  Imrn-out  at  5^2  ^  above  the  surface  of  the  earth.  J)e tailed 
results  arc  contained  in  pape,rs  by  botii  H^A,  lAe-ake  3417 
G«C^  Goldbaum  and  !R*J*  (lunkel  7r35»7« 

It  appears,  first  of  all.,  that  for  a  phase  angle  of  112 
at  the  moment  of  starting,  c0rrespoB.di.ng  to  a  lunar  position  22^ 
below  the  eastern  .haris^on  at  the  laimching  site.,  there  le  a 
Eiinieum-'energy  elliptical  flight  path  (bura-ont  velocity 
10.6070  km/nBc),  which  will,  hit  the  moon*  Ihe  permissible  error  in 
the  magnitude  of  the  velocity  la  tboB,  only  +  1*52.4  m/seCf  however# 
Nev■i^rthelees^  if  t]m  initial  valocitj  ia  jnat  Bl.ightly  i-Bcroased 
to  10«y6680  km/sao,  the  permissible  error  b-scomes  te;a  times  greater ^ 
15^24  ^v'sec*  Eeiatioashlps  are  moat  favorable,  if  the  flight 
path  is  begun,  at  a  kyperbolic  iaiilal  velooitj  of  10<.7442  km/sec^ 
(i*e«  than  )4  %  over  the  escape  velocity) 5  the  p'Csslfole 

permiasible  error  in,  the  Imtial  velacd.ty  ia  than  6l  m/nec^  If 
w#  add  the  angular  errors,  wlrleh  a,:r0  perpiieaible  If  th^  moon  is 
istill  to  be  hit 5  we  get  the  fc»llowing'  tables 


Fermi 0.aible  ^^£rrgrg_in_^  ffie 


Initial  velocity 

10*6070  to/aec 
10*6680  km/ BBC 
10# 744,2  km/ sec 


FermiaeilO.,e  Errors 
ill  velocity  -in  lanncking  angle 


1*524  m/sm 
15*24  m/sBC 
’f  60*96  m/sec 


t 

i  17.2’ 
10*3^ 
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Fig.  15:  fwo  actios  lunar  shot  flight  paths. 

(According  to  M.W. Hunter,  W.B. Klemperer, 
H.J.Gunkeli  ImpulsiT®  mid-course  corr¬ 
ection.  of  a  lunar  shot.  Douglas  i^rcraft^ 
CoEipaiiy,  Ine,,  Fagrg.  Paper  No.  674,  195^) 
Mortdbahe.  =  luiiar  orbit;  Mond  bei  Anderung 
Bahn  1,2  =  moon  at  correction  of  flight 
path  1,2;  Mona  beim  Start  =  moon  at  laiiach- 
.  iag;  Bahn  1,2  =  flight  path  1,2;  Srde  «  earth. 


At  first  this  result  appears  eurprieing.  In  order  to  be  more 
certain  of  bitting  the  lunar  target,  therefore,  the  autho,r8  propose 
to  correct  the  flight  path  in  mid-cours®  by  measB  of  an  additional 
ifflpuls®.  To  make  this  possible,  they  put  forward,  a  umber  of  tech-  . 
nlcal  suggestions.  Whore  the  additional  impulse  is  triggered,  thes® 
actif®  flight  paths  ha.ire  a  sudden  kiisk,  as  the  two  exaffiplas  shovrn 
in  Fig.  1.5  illustrate.  In  the  light  of  actual  relationships  a  tiire®- 
dimsssioRal  analysis  was  also  carried  out.  This  included  the  follow¬ 
ing  factors,  neglected  in  th®  two-dimsnsional  calculation® j 

a)  the  incliriatioa  and  eccentricity  of  the  luasr  orbit, 

b)  the  geographical  latitude  and  hour  angle  (longituds)  of  the 
launching  site, 

e)  the  graTitatioaal  fields  of  the  sun  and  other  planets. 

1^11  details  are  giTea  in  th©  report  by  J.C.  WalJcer 
la  the  three-dimensional  problem  it  is  worth  noting  that  the 
angle  between  the  plane  of  the  moon  rocket  flight  path  and  the 
plane  of  the  lunar  orbit  has  a  considerable  effect  on  the  results. 
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I  c) 


The  first  Germar<  calc^ulati 


OXIB 


The  first  German  flight  path  oaleulations^  made  by  B.  Thuring  ^ 

ha're  also  just  been  made  aTai labia «  xj;:iej  carried  out  usi^^g  the 

la.rge  UMTao --Fact route  computer  installation'  in.  li^ankilirt  a^]  Haiu»- 


B.  Thi^ring  calculated  t^o  special  flight  paths  incindiag  the 
moon  Ln.  the  s'pac^e  aroixud  earth  and.  moori  and  showed  how  the  third 
(siasslesa)  body^  i«.e*  the  spacecraft^  ‘can^,  at  a  Tery  low  velocity^ 
pass  tile  ^-bottleneck's  fenced  by  the  Mill  bouBdarj  outyb  cloafj>  to 
the  libration  point  (or  ia^eatigation  i.s  a,n  important 

euppleEisant  to  the  work  of  YegoroT;  however  ^  it  would  see^  desirable 
to  take  into  aocomt  disturbances  due  to  the  e'OBa 


I!i£-^£!lL.S£££liS£S£MS£  '■ 

In  coirneotion  with  a.  moou  launching  two  further  practical 
points  deserve  attention*  If  it  la  deai.red  to  shox^’ter#:  the  flight 
path  and.  the  dur-ation  of  the  f].ight^  than  the  moment-  of  launcJilng 
would  be  most  favorably  timed,  if  it  ware  a  few  days  before  the  lu.n©,r 
perigee,  which  occurs  once  a  month?  aa  the  ?!soon  is  then  so^sie  21?000 
km  nearer  than  when  at  its  mean  distarioe  from  the  earths  On  the  other 
haackj  if  it  is  desired  to  observe  the  ot?aer  aide  of  the  moon,  which 
is  permanently  turned  away  from  ub^  then  the  lunar  rocket  must  reach 
the  vicinity  of  the  moon,  when  the  other  side  is  well  ill«inated»^ 
This  ia  the  casje  at  new  moans ' 

Of  ccarree?  tli€$  corr^plex  i^otioB  of  the  moon  mearta  that  these 
two  conditions  arc?  not  fulfilled  sir^ulta:aeously'  each  months.  A  period 
does  occ’ur.5  howa-rar,  at  intex^Tals  of  about  lyA  months  §  when  both 
perigee  and  new  moon  appr-oidKiatelj  coin.cd.de  each  months  Ihia  was 
for  exa,%ple^  in.  the  months  from  .August  to  .December’  195S*  For  this 
reason  the  first  .four  AiBerican  moan  l.aunch.i]Qga  were  p.lani:i0d  fo.r  this 
period. 

Details  are  given  in  the  followi..n.g  brief  review  j; 


IjauttchiJig  Haffie  La’-m.c:>iin.g 

dat® 

New 

Moon 

Perigee 

Kesult 

i 

**"  17  Aug.. 

15 

.A.«g, 

I?  Aug, 

exploded  -  after  77  s 

2 

PioMe.r  I  11  Oct.. 

12 

Oct« 

13  Oct, 

about  115 V 000  ka  alt 

3 

.L  4 

Pioaser  II  8  Nov® 

11. 

Move 

10  .iNov* 

3rd  sta,ge  failed  to 
i  gni  t  igr ,  1 ,  €f 00  km^  a|.  t 

Pioneer  III  -6  Dec,.. 

10 

Dec  g. 

1,5  - 

9  Dee® 

about  107, 5&0  km  alt 
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■p’  Pioneers  I  and  III  both  eoirer«a  about  one  third  of  tka  distance 
to  the  ®oon  and  then  returned.  This  mb  dee  only, to  failwre  to 
&chi.evB  the  required  'burn*’©ut  velocity.  For  Pioneer  III,  for  s-xaspl© 
a  rnirn^oitt  Telocity  of  10.729  km/sac  had  beeis  compsJted|  however, 
only  10,485  kia/sec  was  acMevedi  i.e.  ;|w,st  2.50  ffi/sec  too  li.ttle. 

This  confirms  tk®  above  theoretical  ressoniag  in  coaaection  %dt,h 
the  maximi®  distaace  achieved  and  its  B^nsitlvity  to  a  Kodification 
in  the  burn-out  Toloeity.  Pioass'r  I,  Eoreover,  deviated  from  its 
cou.rEe  by  approximately  4®  «  Fig.  16  gives  a  rough  picture  of  the 
flight  path  of  Pioneer  III,  projected  ok  ®  rotating  meridian  plans. 


i!  V., 


i  /' 

It  fix  - 


V 


V 


X 


A' 


\ 


'X. 


Fig.  16 1  Tfe.e  fllgJit  path  of  PioB,eer  projected  ois 

a  rotatisig  meridlaix  {Iccorditi.g  to 

Jamea  A..  Tan  LowIb  A.  Frai'ik^ 

no.  4659t  1959^  P*  earth; 

Aq'uator  «  erpiator;  Bairn  von  Rlonitr  III  ^ 
flight  path  of  Pioneer  III« 

Their  unfortunate  practical  experleiioes  with  a  la-unehing  velocity 
in  the  vicinity  of  the  escape  veloeitj  a.:M  just  s^lightlj  leas  than 
that  req\?.ired  prompted  the  teericana  to  adopt  l,n  their  »re 

recent  e3s:per5.men.ta  a  burB'-out  valoeitj  .slightly  hyperbolie  M..tb. 
respect  to  the  aartfe*  mm.  ^dth  a  6Bsall  error  it  eonld.  be 

confidently  imticipated  that  the  i^oon.  wcoald  hB  reached^  inse^far  as 
the  velocity  did  .not  fall  below  tha  critical  limit  of  the  escape 
Telocity  as  a  resnlt  of  nB.aToldable  inaccuracy » 

TMia  both  the  Roesian  »oii.-la,uiieMBg  of  2  Jarjia,ry  1959 
(Mctsohta)  and  the  American  abet  Ci.f  3  March  1959  (Pioneer  I?)  ware 
aucceSEful  iii  ;;reacM,xig  lunar  distances^  Both  probes  then  went  into 
jorbita  around  .i-he  Bun^  whi.efe  are  not  disatimilax*  If  the  orbital 
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inclination  is  disregarded,  tAe  Russian  artificial  planet  eren 
reached  the  vicinity  of  the  orbit  of  Mars  (cf,  Hg.  1). 

Both  artificial  planets  are  very  siaeri.l  and  ‘their  orbits  are 
not  known,  precisely  anongjlia  It-  is  scarcely  to  bs  expected  tli.3.t 
we  shall  ever  be  successful  in  observing  them^agaixi.  Yt-i^lr  orbital, 
periods  nr©  days  (Mei-sohta^  and  A05  nays  i4Rxon0e.r  XV  }*  xf  3»n 
their  orbit  they  return  to  the  starting  point,  the-  earth,  of 
course,  vd.ll  bs  ia  another  position.. 

Co.aelm&i-9Bs 

Tbs  cortBes^ueneas  derived  from  the  celestial  mechanics  of  the 
thre©-  and.  four^-hody  prohless  hare  been' confirrsed.  There  is  only 
one  way  of  caleulating  th®  flight  path  of' a  space  rocket:  numerical 
integration  with  an  electronic,  computer.  Flight  path  ca.lcuiat,ioK0 
made  so  far  have  jjer^itted  very  interesting  co.ticlusions«  however, 
we  are  still  far  from  having  discovered  and.  mastered  every  possible 
path.  It  would  be  desirable  tO'  satandardize  the  flight  paths,  i.e. 
always  to  depart  fro®  a.  fixed  Initial  altf-tude.  Investigations  of 
the  errors  involved  must  al.so  be  taken  further.  It  would  also  be 
rewarding  to  study  the  Hill  boundary  curves  for  the  given  mass 
relationships.  Oh©  author  is  also  of  the  opinion  that  there  must 
also  be  periodic  solutions  fc-i'  the  stm-earth^raooia-rocket  four-body 
problem.  Finding  t.hests  perhaps  in  th®  sa,E®  way  as  E,  fetx'omgren 
found  bis  periodic  solutions  for  the  li-ssited  three-body  problem  - 
would,  be  an  acceptable  and  imxiortant  task  for  the  future. 

Summary 


In  Part  II  the  author  reports  on  completed,  orbital  calcul¬ 
ations  and  shows.,  with  reference  to  th®  most  recent  :^aterial,  how 
detailed  has  been  the  work,  of  the  Soviet  astronomer,  V.A,  fegorov, 
who  has  calculated  about  one  thousand  d.lff£-rent-  orbits.  ®i.e  ABsencan., 
Krafft  iShricke,  has  explained  the  importance  of  allowing  for  the 
disturbing  effect  of  the  su.a«  All  the  calculations  indxcats  how 
heavily  th©  flight  paths  depend  on  starting. conditions,  an  accuracy 
of  I?'*  being  required.  Sie  Gerffiaii- American  Prof.  Klemperer  has  shoitm 
that  errors  can  be  compensfited  by  influencing  the  flight  path 
actively  with  control  rockets.  The  latest  Gernsan  work  has  been  dons 
by  Prof"!  Thuriag,  who  has  determined  two  narrow  path  cyr%’-es  leading 
to  the  moon  based  on  the  points  of  libratioa  near  the  moon.  The 
eotindness  of  Prof.  Klemperer’s  proposals  has  meantime  been  proved 
by  the  Soviet  's  hitting  of  tha  Koon  on  13  September  1959* 
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